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Integration Techniques 

Many integration formulas can be derived directly from their 
corresponding derivative formulas, while other integration problems 
require more work. Some that require more work are substitution and 
change of variables, integration by parts, trigonometric integrals, and 
trigonometric substitutions. 

Basic formulas 

Most of the following basic formulas directly follow the differentiation 
rules. 

1.  

2.  

3.  

4.  

5.  

6.  

7.  

8.  

9.  

10.  

11.  

12.  

13.  

14.  

15.  

16.  

17.  

18.  
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19.  

20.  

Example 1: Evaluate  

Using formula (4) from the preceding list, you find that . 

 

Example 3: Evaluate  

Applying formulas (1), (2), (3), and (4), you find that 

   

Example 4: Evaluate  

Using formula (13), you find that  

Example 5: Evaluate  

Using formula (19) with a = 5, you find that  

 

Substitution and change of variables 
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One of the integration techniques that is useful in evaluating indefinite 
integrals that do not seem to fit the basic formulas is substitution and 
change of variables. This technique is often compared to the chain rule 
for differentiation because they both apply to composite functions. In this 
method, the inside function of the composition is usually replaced by a 
single variable (often u). Note that the derivative or a constant multiple of 
the derivative of the inside function must be a factor of the integrand. 

The purpose in using the substitution technique is to rewrite the 
integration problem in terms of the new variable so that one or more of 
the basic integration formulas can then be applied. Although this 
approach may seem like more work initially, it will eventually make the 
indefinite integral much easier to evaluate. 

Note that for the final answer to make sense, it must be written in terms 
of the original variable of integration. 

Example 6: Evaluate  

Because the inside function of the composition is x 3 + 1, substitute with 

    

 

Example 7:  

Because the inside function of the composition is 5 x, substitute with  
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Example 8: Evaluate  

Because the inside function of the composition is 9 – x 2, substitute with  

 

Integration by parts 

Another integration technique to consider in evaluating indefinite 
integrals that do not fit the basic formulas is integration by parts. You 
may consider this method when the integrand is a single transcendental 
function or a product of an algebraic function and a transcendental 
function. The basic formula for integration by parts is 

   

where u and v are differential functions of the variable of integration. 
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A general rule of thumb to follow is to first choose dv as the most 
complicated part of the integrand that can be easily integrated to find v. 
The u function will be the remaining part of the integrand that will be 
differentiated to find du. The goal of this technique is to find an integral, 
∫ v du, which is easier to evaluate than the original integral. 

Example 9: Evaluate ∫ x sec 2 x dx. 

 

Example 10: Evaluate ∫ x 4 In x dx. 

   

Example 11: Evaluate ∫ arctan x dx. 

   

Integrals involving powers of the trigonometric functions must often be 
manipulated to get them into a form in which the basic integration 
formulas can be applied. It is extremely important for you to be familiar 
with the basic trigonometric identities, because you often used these to 



Integration Techniques 

Agricultural Technology Jambi University 

Lisani, S.TP.,M.P 

 

rewrite the integrand in a more workable form. As in integration by parts, 
the goal is to find an integral that is easier to evaluate than the original 
integral. 

Example 12: Evaluate ∫ cos 3 x sin 4 x dx  

 

Example 13: Evaluate ∫ sec 6 x dx  

 

Example 14: Evaluate ∫ sin 4 x dx  
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If an integrand contains a radical expression of the 

form  a specific trigonometric 
substitution may be helpful in evaluating the indefinite integral. Some 
general rules to follow are 

1. If the integrand contains  

 

2. If the integrand contains  

 

3. If the integrand contains   
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Right triangles may be used in each of the three preceding cases to 
determine the expression for any of the six trigonometric functions that 
appear in the evaluation of the indefinite integral. 

Example 15: Evaluate  

Because the radical has the form 

     

 

Figure 1 Diagram for Example 15. 

 

Example 16: Evaluate  

Because the radical has the form  
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Figure 2 Diagram for Example 16. 

 

 

 

Volumes of Solids of Revolution 

You can also use the definite integral to find the volume of a solid that is 

obtained by revolving a plane region about a horizontal or vertical line 

that does not pass through the plane. This type of solid will be made up 

of one of three types of elements—disks, washers, or cylindrical shells—

each of which requires a different approach in setting up the definite 

integral to determine its volume. 

Disk method 

If the axis of revolution is the boundary of the plane region and the cross 
sections are taken perpendicular to the axis of revolution, then you use 
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the disk method to find the volume of the solid. Because the cross 
section of a disk is a circle with area π r 2, the volume of each disk is its 

area times its thickness. If a disk is perpendicular to the x‐axis, then its 
radius should be expressed as a function of x. If a disk is perpendicular 

to the y‐axis, then its radius should be expressed as a function of y. 

The volume ( V) of a solid generated by revolving the region bounded 

by y = f(x) and the x‐axis on the interval [ a, b] about the x‐axis is 

   

If the region bounded by x = f(y) and the y‐axis on [ a, b] is revolved 
about the y‐axis, then its volume ( V) is 

   

Note that f(x) and f(y) represent the radii of the disks or the distance 
between a point on the curve to the axis of revolution. 

Example 1: Find the volume of the solid generated by revolving the 

region bounded by y = x 2 and the x‐axis on [−2,3] about the x‐axis. 

Because the x‐axis is a boundary of the region, you can use the disk 
method (see Figure 1). 

 

Figure 1 Diagram for Example 1. 

The volume ( V) of the solid is 
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Washer method 

If the axis of revolution is not a boundary of the plane region and the 
cross sections are taken perpendicular to the axis of revolution, you use 
the washer method to find the volume of the solid. Think of the washer 
as a “disk with a hole in it” or as a “disk with a disk removed from its 
center.” If R is the radius of the outer disk and r is the radius of the inner 
disk, then the area of the washer is π R 2 – π r 2, and its volume would 
be its area times its thickness. As noted in the discussion of the disk 

method, if a washer is perpendicular to the x‐axis, then the inner and 
outer radii should be expressed as functions of x. If a washer is 

perpendicular to the y‐axis, then the radii should be expressed as 
functions of y. 

The volume ( V) of a solid generated by revolving the region bounded 
by y = f(x) and y = g(x) on the interval [ a, b] where f(x) ≥ g(x), about 

the x‐axis is 

   

If the region bounded by x = f(y) and x = g(y) on [ a, b], where f(y) ≥ g(y) 

is revolved about the y‐axis, then its volume ( V) is 

   

Note again that f(x) and g(x) and f(y) and g(y) represent the outer and 
inner radii of the washers or the distance between a point on each curve 
to the axis of revolution. 
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Example 2: Find the volume of the solid generated by revolving the 

region bounded by y = x 2 + 2 and y = x + 4 about the x‐axis. 

Because y = x 2 + 2 and y = x + 4, you find that 

   

The graphs will intersect at (–1,3) and (2,6) with x + 4 ≥ x 2 + 2 on [–1,2] 
(Figure 2). 

 

Figure 2 Diagram for Example 2. 

Because the x‐axis is not a boundary of the region, you can use the 
washer method, and the volume ( V) of the solid is 
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Cylindrical shell method 

If the cross sections of the solid are taken parallel to the axis of 
revolution, then the cylindrical shell method will be used to find the 
volume of the solid. If the cylindrical shell has radius r and height h, then 
its volume would be 2π rh times its thickness. Think of the first part of 
this product, (2π rh), as the area of the rectangle formed by cutting the 
shell perpendicular to its radius and laying it out flat. If the axis of 
revolution is vertical, then the radius and height should be expressed in 
terms of x. If, however, the axis of revolution is horizontal, then the 
radius and height should be expressed in terms of y. 

The volume ( V) of a solid generated by revolving the region bounded 

by y = f(x) and the x‐axis on the interval [ a,b], where f(x) ≥ 0, about 
the y‐axis is 

   

If the region bounded by x = f(y) and the y‐axis on the interval [ a,b], 
where f(y) ≥ 0, is revolved about the x‐axis, then its volume ( V) is 

    

Note that the x and y in the integrands represent the radii of the 
cylindrical shells or the distance between the cylindrical shell and the 
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axis of revolution. The f(x) and f(y) factors represent the heights of the 
cylindrical shells. 

Example 3: Find the volume of the solid generated by revolving the 

region bounded by y = x 2 and the x‐axis [1,3] about the y‐axis. 

In using the cylindrical shell method, the integral should be expressed in 
terms of x because the axis of revolution is vertical. The radius of the 
shell is x, and the height of the shell is f(x) = x 2 (Figure 3). 

 

Figure 3 Diagram for Example 3. 

The volume ( V) of the solid is 

   

Arc Length 
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The length of an arc along a portion of a curve is another application of 
the definite integral. The function and its derivative must both be 
continuous on the closed interval being considered for such an arc 
length to be guaranteed. If y = f(x) and y′ = F'(x) are continuous on the 
closed interval [ a, b], then the arc length ( L) of f(x) on [ a,b] is 

   

Similarly, if x = f(y) and x' = f'( y) are continuous on the closed interval 
[ a,b], then the arc length ( L) of f(y) on [ a,b] is 

   

Example 1: Find the arc length of the graph of  on the interval 
[0,5].  

 

Example 2: Find the arc length of the graph of f(x) = ln (sin x) on the 
interval [π/4, π/2]. 
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Area 

The area of a region bounded by a graph of a function, the x‐axis, and 
two vertical boundaries can be determined directly by evaluating a 
definite integral. If f(x) ≥ 0 on [ a, b], then the area ( A) of the region lying 

below the graph of f(x), above the x‐axis, and between the 
lines x = a and x = b is 

   

 

Figure 1 Finding the area under a non‐negative function. 
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If f(x) ≤ 0 on [ a, b], then the area ( A) of the region lying above the graph 

of f(x), below the x‐axis, and between the lines x = a and x = b is 

   

 

Figure 2 Finding the area above a negative function. 

 
 

If f(x) ≥ 0 on [ a, c] and f(x) ≤ 0 on [ c, b], then the area ( A) of the region 

bounded by the graph of f(x), the x‐axis, and the 
lines x = a and x = b would be determined by the following definite 
integrals:  
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Figure 3 The area bounded by a function whose sign changes. 

 
 

Note that in this situation it would be necessary to determine all points 

where the graph f(x) crosses the x‐axis and the sign of f(x) on each 
corresponding interval. 

For some problems that ask for the area of regions bounded by the 
graphs of two or more functions, it is necessary to determined the 
position of each graph relative to the graphs of the other functions of the 
region. The points of intersection of the graphs might need to be found in 
order to identify the limits of integration. As an example, if f(x) ≥ g( x) on 
[ a, b], then the area ( A) of the region between the graphs of f(x) 
and g( x) and the lines x = a and x = b is  

 

 

Figure 4 The area between two functions. 
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Note that an analogous discussion could be given for areas determined 

by graphs of functions of y, the y‐axis, and the lines y = a and y = b. 

Example 1: Find the area of the region bounded by y = x 2, the x‐
axis, x = –2, and x = 3. 

Because f(x) ≥ 0 on [–2,3], the area ( A) is  

 

Example 2: Find the area of the region bounded by y = x 3 + x 2 – 

6 x and the x‐axis. 

Setting y = 0 to determine where the graph intersects the x‐axis, you find 
that 

   

Because f ( x) ≥ 0 on [–3,0] and f ( x) ≤ 0 on [0,2] (see Figure 5), the area 
( A) of the region is  
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Figure 5 Diagram for Example 2. 

 
 

Example 3: Find the area bounded by y = x 2 and y = 8 – x 2. 

Because y = x 2 and y = 8 – x 2, you find that 
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hence, the curves intersect at (–2,4) and (2,4). Because 8 – x 2 ≥ x 2 on 
[–2,2] (see Figure 6), the area ( A) of the region is  

 

 

Figure 6 Diagram for Example 3. 

Volumes of Solids with Known Cross Sections 

You can use the definite integral to find the volume of a solid with 
specific cross sections on an interval, provided you know a formula for 
the region determined by each cross section. If the cross sections 

generated are perpendicular to the x‐axis, then their areas will be 
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functions of x, denoted by A(x). The volume ( V) of the solid on the 
interval [ a, b] is 

   

If the cross sections are perpendicular to the y‐axis, then their areas will 
be functions of y, denoted by A(y). In this case, the volume ( V) of the 
solid on [ a, b] is 

   

Example 1: Find the volume of the solid whose base is the region inside 

the circle x 2 + y 2 = 9 if cross sections taken perpendicular to the y‐axis 
are squares. 

Because the cross sections are squares perpendicular to the y‐axis, the 
area of each cross section should be expressed as a function of y. The 
length of the side of the square is determined by two points on the 
circle x 2 + y 2 = 9 (Figure 1). 

 

Figure 1 Diagram for Example 1. 

The area ( A) of an arbitrary square cross section is A = s 2, where 
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The volume ( V) of the solid is 

   

Example 2: Find the volume of the solid whose base is the region 
bounded by the lines x + 4 y = 4, x = 0, and y = 0, if the cross sections 

taken perpendicular to the x‐axis are semicircles. 

Because the cross sections are semicircles perpendicular to the x‐axis, 
the area of each cross section should be expressed as a function of x. 
The diameter of the semicircle is determined by a point on the line x + 

4 y = 4 and a point on the x‐axis (Figure 2). 

 

Figure 2 Diagram for Example 2. 

The area ( A) of an arbitrary semicircle cross section is 
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The volume ( V) of the solid is 

   

 


