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Integration Techniques

Many integration formulas can be derived directly from their
corresponding derivative formulas, while other integration problems
require more work. Some that require more work are substitution and
change of variables, integration by parts, trigonometric integrals, and
trigonometric substitutions.

Basic formulas

Most of the following basic formulas directly follow the differentiation
rules.
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Example 1: Evaluate fx .

Using formula (4) from the preceding list, you find that fx =% 5
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Example 3: Evaluatef{ﬁ”‘ +5x-3)dx

Applying formulas (1), (2), (3), and (4), you find that

f(6x1+5x—3)a$c-T 5 _sevc
=2x" + gx-3x+f:
die

Example 4: Evaluate / x+4°

_dx
Using formula (13), you find thatfx+4 In|x+4|+C

Example 5: Evaluate f2'5+x“

Using formula (19) with a = 5, you find that

fZSd:xl = %arctan% +C

Substitution and change of variables
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One of the integration techniques that is useful in evaluating indefinite
integrals that do not seem to fit the basic formulas is substitution and
change of variables. This technique is often compared to the chain rule
for differentiation because they both apply to composite functions. In this
method, the inside function of the composition is usually replaced by a
single variable (often u). Note that the derivative or a constant multiple of
the derivative of the inside function must be a factor of the integrand.

The purpose in using the substitution technique is to rewrite the
integration problem in terms of the new variable so that one or more of
the basic integration formulas can then be applied. Although this
approach may seem like more work initially, it will eventually make the
indefinite integral much easier to evaluate.

Note that for the final answer to make sense, it must be written in terms
of the original variable of integration.

173 5
Example 6: Evaluate fx Gt 1w

Because the inside function of the composition is x ® + 1, substitute with

u=x"+1
du=3x"dx
%dﬂ=12d&'
hence, fo{x’+ 1}’dr=%fu"du
_l.£+£‘
"3 6
='I1EH6+C
=ﬁ{x’+ )+ C
Example 7: Evaluate fsm{ﬁx}:ix.

Because the inside function of the composition is 5 X, substitute with
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u=5x
du= Sdx
1 _
gdu—dr

hence, fsinlfﬁx}dx: %fsinud’u
== %cusu+ C

=— %cusﬁx) +C

3
dx.
Example 8: Evaluatef;?*—xz

Because the inside function of the composition is 9 — x ?, substitute with

u=9-x’
du=— 2xdx
--Ll,-du=xdr
hence, 3 _gpe=-3 [ Ly
ENce fm zf‘/; j 7]
=_% ' du
T
2
:_3ul.fz+c-
==3/9-x"+C

Integration by parts

Another integration technique to consider in evaluating indefinite
integrals that do not fit the basic formulas is integration by parts. You
may consider this method when the integrand is a single transcendental
function or a product of an algebraic function and a transcendental
function. The basic formula for integration by parts is

fud'v= uu-fzrdu

where u and v are differential functions of the variable of integration.
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A general rule of thumb to follow is to first choose dv as the most
complicated part of the integrand that can be easily integrated to find v.
The u function will be the remaining part of the integrand that will be
differentiated to find du. The goal of this technique is to find an integral,
| v du, which is easier to evaluate than the original integral.

Example 9: Evaluate [ x sec * x dx.

Letu= x and dv=sec’ xdx
du=dx v=rtanx

hence, fxscc"xeix=xtanx-ftanxdx
= xtanx - (—1n|cosx|) + C

=xtanx+ ln|cosx|+ C

Example 10: Evaluate | x * In x dx.

Let u=In x and dv=x"dx

5 5
hence, fx‘fnxaﬁc= %—]nx-f'—r—'ldr

Example 11: Evaluate [ arctan x dx.

Leru = arctanx and dv = dx

du = I sdx v=x
1+x

X
hence, farcranxdx=xarctanx-—f]+—5dx
X

= xarcranx — % In(1+x)+C

Integrals involving powers of the trigonometric functions must often be
manipulated to get them into a form in which the basic integration
formulas can be applied. It is extremely important for you to be familiar
with the basic trigonometric identities, because you often used these to
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rewrite the integrand in a more workable form. As in integration by parts,
the goal is to find an integral that is easier to evaluate than the original

integral.
Example 12: Evaluate | cos ® x sin * x dx
‘fﬁ:ﬂrs'“sin{.x.'m{:r=j.lzzn::v.';i!.:::::ini xcosxdx
= fl[] - sin’ x)sin* xcosx dx
=f{sin*x—sin6x]cnsx:£r
= fsin‘xmsxdr—fsin“xcosxir
= %sinjx— %sin?x+ C
Example 13: Evaluate [ sec ° x dx
fser.ﬁ xdx= fscc‘*xs:czxdfr
=f(scc1x]:5¢c1m.{r
=f(can2x+ 1)* sec® x dx
=f(l:an‘x+ 2tan’ x+ 1)sec” xdx
=ftan‘xsc-.:=xdx+ eran"'xscczxcir-**fsec:xdr

= % tan’ x+ %tan3x+ tanx + C

Example 14: Evaluate | sin 4 x dx
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fsm xdx=f{sm x)" dx

-[(=g2)

(1 = 2 cos2x + cos’ 2x) dx

ool Gol— ool e )= ]

(1 — 2 cos2x + L cosdx Czusiix )g{r

(i —2cos2x + m?")dx

Il

— e S —

(3 — 4cos2x + cosdx ) dx

—

3x— 2sin2c+ %sin'ix) +C

x— —,}sinzﬁ sy sindx+ C

If an integrand contains a radical expression of the
form /a'=x*,/a'+xor/x = 2%, g specific trigonometric
substitution may be helpful in evaluating the indefinite integral. Some
general rules to follow are

1. If the integrand contains v 4" —

letx=asinB

dx = a cos 040
and /4’ - x* = acos@

2. If the integrand contains v a’+x’

letx=atan 9
dx = a sec’ 0d0

and |,|".ﬂ2+."£1 = asech

3. If the integrand contains v ** =4’

let x = asec®
dx = a sec 0 tanB40

and /x'— 4’ = atan®
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Right triangles may be used in each of the three preceding cases to
determine the expression for any of the six trigonometric functions that
appear in the evaluation of the indefinite integral.

—dx
Example 15: Evaluatefx’H—x’

Because the radical has the form

letx = asin@ = 25in0

dx=2cos0d 0

,,r'::z—xz and /4 — ? = 2cosO

Ve

Figure 1 Diagram for Example 15.

dx 2 cos640
hence, fx’fd—x‘ - o

~J (4sin*0)(2 cosO)
_1[_d8

4 J sin’@
= % f csc’ 040

=-%cm‘9+ C

. "'4_'1-2

-% =—+C

dx
Example 16: Evaluatef;*ZS**xz

Because the radical has the form va +x*
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let x=atan® = 5tanf
dre=5sec’ 040

and /25 +x° = 5sech

V25 + x2

5
Figure 2 Diagram for Example 16.

dx___ _ [ 5sec’ 040
hence, f\/15+x2 - 5secB

= f secBd0

= In|sec@® + tan@| + C

J25+x" "

X
5 3

=In +C

Volumes of Solids of Revolution

You can also use the definite integral to find the volume of a solid that is
obtained by revolving a plane region about a horizontal or vertical line
that does not pass through the plane. This type of solid will be made up
of one of three types of elements—disks, washers, or cylindrical shells—
each of which requires a different approach in setting up the definite
integral to determine its volume.

Disk method

If the axis of revolution is the boundary of the plane region and the cross
sections are taken perpendicular to the axis of revolution, then you use
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the disk method to find the volume of the solid. Because the cross
section of a disk is a circle with area 1 r %, the volume of each disk is its
area times its thickness. If a disk is perpendicular to the x-axis, then its
radius should be expressed as a function of x. If a disk is perpendicular
to the y-axis, then its radius should be expressed as a function of y.

The volume (V) of a solid generated by revolving the region bounded
by y = f(x) and the x-axis on the interval [ a, b] about the x-axis is

v= [z i) ds

If the region bounded by x =f(y) and the y-axis on [a, b] is revolved
about the y-axis, then its volume (V) is

V= L[&H[ﬂy]J :d'y

Note that f(x) and f(y) represent the radii of the disks or the distance
between a point on the curve to the axis of revolution.

Example 1: Find the volume of the solid generated by revolving the
region bounded by y = x ? and the x-axis on [-2,3] about the x-axis.

Because the x-axis is a boundary of the region, you can use the disk
method (see Figure 1).

<

L T T ) T T 1 T | IR

Figure 1 Diagram for Example 1.

The volume (V) of the solid is
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Washer method

If the axis of revolution is not a boundary of the plane region and the
cross sections are taken perpendicular to the axis of revolution, you use
the washer method to find the volume of the solid. Think of the washer
as a “disk with a hole in it” or as a “disk with a disk removed from its
center.” If R is the radius of the outer disk and r is the radius of the inner
disk, then the area of the washer is TR %= 1rr 2, and its volume would
be its area times its thickness. As noted in the discussion of the disk
method, if a washer is perpendicular to the x-axis, then the inner and
outer radii should be expressed as functions of x. If a washer is
perpendicular to the y-axis, then the radii should be expressed as
functions of y.

The volume (V) of a solid generated by revolving the region bounded
byy =1(x) andy =g(x) on the interval [a, b] where f(x) = g(x), about
the x-axis is

v= [ a{[ ] ~[g0] "} ax

If the region bounded by x = f(y) and x = g(y) on [ a, b], where f(y) 2 g(y)
is revolved about the y-axis, then its volume (V) is

v=["z{[ 0] [e0)] '} &

Note again that f(x) and g(x) and f(y) and g(y) represent the outer and
inner radii of the washers or the distance between a point on each curve
to the axis of revolution.
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Example 2: Find the volume of the solid generated by revolving the
region bounded by y = x > + 2 and y = x + 4 about the x-axis.

Because y =x°+ 2 and y = x + 4, you find that

x'+2=x+4
x'=x=2=0
(x+1)(x—-2)=0
x==1l,x=2

The graphs will intersect at (—1,3) and (2,6) with x + 4 = x *+ 2 on [-1,2]
(Figure 2).

Figure 2 Diagram for Example 2.

Because the x-axis is not a boundary of the region, you can use the
washer method, and the volume (V) of the solid is
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V= flﬂ.'[{x+ 4}2—(x2+ 2]2]&:
-1
=fzﬂl(xl+8x+ lﬁ]—(x*+4xz+=i]ldx'
=?If2(-x‘— 3x’ 4+ 8x+ ll]dsc
-1

2
=J'I{—lx"—xj+4x2+ IZx]
-1

5
|-

Cylindrical shell method

If the cross sections of the solid are taken parallel to the axis of
revolution, then the cylindrical shell method will be used to find the
volume of the solid. If the cylindrical shell has radius r and height h, then
its volume would be 21 rh times its thickness. Think of the first part of
this product, (21T rh), as the area of the rectangle formed by cutting the
shell perpendicular to its radius and laying it out flat. If the axis of
revolution is vertical, then the radius and height should be expressed in
terms of x. If, however, the axis of revolution is horizontal, then the
radius and height should be expressed in terms of y.

The volume (V) of a solid generated by revolving the region bounded
by y =f(x) and the x-axis on the interval [ a,b], where f(x) = 0, about
the y-axis is

V= f &Eﬂx flx) dx

If the region bounded by x =f(y) and the y-axis on the interval [ a,b],
where f(y) = 0, is revolved about the x-axis, then its volume ( V) is

V= f%ﬂyﬂy} dy

Note that the xandyin the integrands represent the radii of the
cylindrical shells or the distance between the cylindrical shell and the
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axis of revolution. The f(x) and f(y) factors represent the heights of the
cylindrical shells.

Example 3: Find the volume of the solid generated by revolving the
region bounded by y = x  and the x-axis [1,3] about the y-axis.

In using the cylindrical shell method, the integral should be expressed in
terms of x because the axis of revolution is vertical. The radius of the
shell is x, and the height of the shell is f(x) = x ? (Figure 3).

y

Figure 3 Diagram for Example 3.
The volume ( V) of the solid is
V= j:';z:rx-xux
=mfx-‘¢ix
i
=>m@B1-1)
V=40m

=2

Arc Length
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The length of an arc along a portion of a curve is another application of
the definite integral. The function and its derivative must both be
continuous on the closed interval being considered for such an arc
length to be guaranteed. If y = f(x) and y’'= F'(x) are continuous on the
closed interval [ a, b], then the arc length ( L) of f(x) on [ a,b] is

L= [" N+ [F W

Similarly, if x = f(y) and x' = f'(y) are continuous on the closed interval
[ a,b], then the arc length ( L) of f(y) on [ a,b] is

1= [ (TFT 4

_1
Example 1: Find the arc length of the graph of fW=3%" 0o the interval
[0,5].

Because flx) = %I "

Sl = % x"

- [ 1 Y
and '=.]u 1.-'f1+(7x| ) a

Example 2: Find the arc length of the graph of f(x) = In (sin x) on the
interval [11/4, T1/2].
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Because flx) = In(sinx)

oy - COSX _
f{x}— sinx ot

&l
and L= J1+cot” xdx

o mid

=fmf:ix

4
= qi
=1 cscxdx
iy

i3
=[ ~In|cscx + corx]]
i

={-1nn}—(—|n|./3+1|}
=0+1n|/2+1|
L=In|/2+1|

L =~ 0.8813736

Area

The area of a region bounded by a graph of a function, the x-axis, and
two vertical boundaries can be determined directly by evaluating a
definite integral. If f(x) = 0 on [ a, b], then the area ( A) of the region lying

below the graph off(x), above the x-axis, and between the
linesx=aandx=bis

A:fﬂ"f{xydx

.
o

Figure 1 Finding the area under a non-negative function.
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If f(x) <0 on [ a, b], then the area ( A) of the region lying above the graph
of f(x), below the x-axis, and between the linesx =aand x=b is

A=|j:fﬁr1dx|
or A=- j:g_‘f[x]dr

y
A

- X

ag b

Figure 2 Finding the area above a negative function.

If f(x) 20 on[a, c]andf(x)<0on][c, b], then the area ( A) of the region
bounded by  the graph of f(x), the x-axis, and the
lines x =a and x=b would be determined by the following definite
integrals:

A= ['] foa as
A=£'ﬂx)dx—1?tx]dx
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y= f(xy
' > X

g N

Figure 3 The area bounded by a function whose sign changes.

Note that in this situation it would be necessary to determine all points
where the graph f(x) crosses the x-axis and the sign of f(x) on each
corresponding interval.

For some problems that ask for the area of regions bounded by the
graphs of two or more functions, it is necessary to determined the
position of each graph relative to the graphs of the other functions of the
region. The points of intersection of the graphs might need to be found in
order to identify the limits of integration. As an example, if f(x) = g( x) on
[a, b], then the area (A) of the region between the graphs of f(x)
and g( x) and the linesx=aandx=Db s

A= [ fin - gw]de

Figure 4 The area between two functions.
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Note that an analogous discussion could be given for areas determined
by graphs of functions of y, the y-axis, and the linesy =a and y = b.

Example 1: Find the area of the region bounded byy=x?2 the x-
axis, x =-2, and x = 3.

Because f(x) 2 0 on [-2,3], the area ( A) is

A= ['tx:a{r
=30,
33'-3¢2)
A= or 115

Example 2: Find the area of the region bounded byy=x3+x?%-
6 x and the x-axis.

Setting y = 0 to determine where the graph intersects the x-axis, you find
that

x'+x'=6x=0
xx*+x=-6)=0
x(x+3)(x=-2)=0

x=0,x=—3,x=2

Because f (x) 2 0 on [-3,0] and f ( X) < 0 on [0,2] (see Figure 5), the area
( A) of the region is
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A= [JI{x*+xE—Ex]|afr

= [(o e xt - eade- [ - G ds

2

n
=[%x4+ %x"— 3x:l - [% '+ %xiv 3%’

:&_(_m)
4 3

o

- 253 1
A= 13 t:erIl2

y

Figure 5 Diagram for Example 2.

Example 3: Find the area bounded by y = x?andy = 8 — x .

Because y = x 2and y = 8 — x 2, you find that
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x'=8-x
2x°-8=0
2(x'-4)=0
2(x+2(x-2)=0
x==2,x=2

hence, the curves intersect at (-2,4) and (2,4). Because 8 —x?=x?on
[-2,2] (see Figure 6), the area ( A) of the region is

A= fi[{s - x%) = ()

=f:{s—zx*}afx

Figure 6 Diagram for Example 3.
Volumes of Solids with Known Cross Sections

You can use the definite integral to find the volume of a solid with
specific cross sections on an interval, provided you know a formula for
the region determined by each cross section. If the cross sections
generated are perpendicular to the x-axis, then their areas will be
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functions of x, denoted by A(x). The volume (V) of the solid on the
interval [ a, b] is

V= f}; (x) dx

If the cross sections are perpendicular to the y-axis, then their areas will
be functions of y, denoted by A(y). In this case, the volume (V) of the
solidon [ a, b] is

v= 404

i

Example 1: Find the volume of the solid whose base is the region inside
the circle x 2 + y 2 = 9 if cross sections taken perpendicular to the y-axis
are squares.

Because the cross sections are squares perpendicular to the y-axis, the
area of each cross section should be expressed as a function of y. The
length of the side of the square is determined by two points on the
circle x 2 +y = 9 (Figure 1).

y
A
3—-
_3\J3 2
X+y?=9
-3

Figure 1 Diagram for Example 1.

The area ( A) of an arbitrary square cross section is A = s %, where
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§= 2,/5'-‘ —y°; hence,

A@}l:[z,ﬁ'ﬁl—f]"
AN =409-y")

The volume (V) of the solid is

=4[18 - (- 18)]
V=144

Example 2: Find the volume of the solid whose base is the region
bounded by the linesx+ 4y=4,x=0, andy = 0, if the cross sections
taken perpendicular to the x-axis are semicircles.

Because the cross sections are semicircles perpendicular to the x-axis,
the area of each cross section should be expressed as a function of x.
The diameter of the semicircle is determined by a point on the line x +
4y =4 and a point on the x-axis (Figure 2).

y
A

Nb—

i
L

} d oL l '
L) T T 1 1 x

'2 2 4 \\

Figure 2 Diagram for Example 2.

The area ( A) of an arbitrary semicircle cross section is
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where d= 3 and r—‘i8

hence,

k]

The volume ( V) of the solid is
V= f‘ﬁﬂ[é - %)  dx

lzs:rf{lﬁ 8x+x) dx

4

[16x~4x=+—

575

1]

N G|_. g_

=
n




